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Abstract:  The homotopy H-algebra of a pointed topological space, X, consists of the homotopy groups of 
X together with the additional structure ofthe primary homotopy operations. We extend two well-known results 
for homotopy groups to homotopy R-algebras nd look at some xamples illustrating the depth of structure on 
homotopy groups; from graded group to graded Lie ring, to H-algebra and beyond. We also describe an abstract 
H-algebra and give three abstract H-algebra structures onthe homotopy groups of the loop space of X which can 
be realized as the homotopy H-algebras ofthree different spaces. 
1 Introduction 
The motivating example of a H-algebra is the stucture consisting of the homotopy groups of a 
pointed topological space, X, together with the primary homotopy operations acting on those 
groups. It is denoted ~r.(X) and called the homotopy H-algebra of X . The operations are 
generated by Whitehead products, compositions and the action of the fundamental group and 
these operations are subject o certain compatability identities (see §2). This structure can be 
abstracted toa collection of groups and three operations satisfying the same compatability con- 
ditions [5]. In fact, the operations and identities are implicit as morphisms in the category, 
/ / ,  whose objects are finite wedges of spheres with morphisms the homotopy classes of maps 
between them. An abstract H-algebra can then be defined equivalently as a functor from H °p 
to the category of pointed sets, SgT"*, sending coproducts to products, or, as any collection of 
groups, with at most one non-abelian, together with the operations and identities described in 
§2. The name i-l-algebra first appears around 1990 in the work of Dwyer, Karl, Blanc and Stover 
(see [6], [121). 
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The homotopy H-algebra of a space contains more information about the homotopy type 
of the space than the homotopy groups on their own and yet not sufficient information for a 
complete classification (see Remark 2.5). It has been shown that the additional information 
needed can be supplied in three ways. From [1], (Summary 7.17), if two spaces have the same 
homotopy H-algebra then a "certain sequence of higher homotopy operations" vanish if and 
only if the two spaces are homotopy equivalent. In [3] Blanc describes a classsification by 
H-algebra nd obstructions lying in certain Quillen cohomology groups in a similar fashion to 
classifying homotopy type by homotopy groups and k-invariants in a Postnikov tower. In [4] 
the classification is determined by properties of the modulus or realization space over the 17- 
algebra. These three methods are based on the fact that, for every space, one can construct a
simplicial space that realizes a free simplicial resolution of the I-I-algebra of the space, (see [12] 
for details). 
As an introduction to H-algebras we present some examples set in classical homotopy theory 
rather than the more abstract simplicial homotopy theory of [1], [3] and [4]. We begin in §2 by 
describing H-algebras and the primary homotopy operations and cite some of the earliest work 
done on abstracting parts of the structure of a homotopy H-algebra. Then, in §3, denoting 
the product in any general category by M, we extend the well known result 7rn(X M Y) ~- 
~r~(X) M Try(Y) as groups, to H-algebras in 
Theorem 3.2 For any connected X and Y, 7r,(X ~ Y) ~ 7r,(X) M 7r,(Y) as II-algebras. 
This allows us to construct spaces with any desired homotopy groups but a trivial H-algebra, 
meaning that the primary homotopy operations on these spaces are always 0. In the first two 
examples of §4 we compare these spaces to others with the same homotopy groups and use the 
H-algebra structure to show they are not homotopy equivalent. In the third example we have 
two spaces with the same homotopy groups and the same trivial H-algebra nd we show that 
there is the further structure of higher homotopy operations on the H-algebra which can be used 
to determine that the spaces are not of the same homotopy type. 
In §5 we take a different approach. We take the homotopy groups of fiX, the loop space 
on X, and describe abstract H-algebra structures on these groups which are not the homotopy 
H-algebra of fiX itself. We begin by showing that the H-algebra structure of X can be used 
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to induce the same H-algebra structure on the homotopy groups of f2PX, the pth iterated loop 
space of X. This follows immediatly from 
Theorem 5.1 The homotopy operations 0 : 7ra(X) x 7rb(X) ~ zrc(X) are in bijective corre- 
spondence with operations 0 : 7ra_p(f2PX) x 7rb_p(ftPX) ---+ 7rc_p(f2vX ).
We define the trivial H-algebra on any suitable collection of groups and, using Theorem 3.2, 
we now have three different H-algebras over the homotopy groups of 12X which are isomorphic 
to the homotopy H-algebras of three different spaces. We say that a H-algebra is realized by a 
space X if it is isomorphic to the homotopy H-algebra of X. These final examples do not go far 
enough to demonstrate the fact that some abstract H-algebras are not realizable by a topological 
space; however, a family of examples of non-realizable H-algebras i provided in [1], Theorem 
8.1. We conclude with Theorem 5.4 which gives a description of the difference in composition 
structure of the H-algebras in this section. 
1.1 Notations 
We will assume that all spaces are pointed and have the homotopy type of a connected CW- 
complex. Thus any weak homotopy equivalence is also a homotopy equivalence. 
The categorical product of two objects X and Y will be denoted X rq Y and, given two 
morphisms f : Z ----+ X and g : Z ---+ Y, the unique morphism into the product hat they 
determine is denoted {f, 9} : Z ---+ X R Y. Dually, the coproduct is denoted X u Y and, 
given morphisms p : X ----+ W and q : Y ---+ W, we have the unique coproduct morphism 
< p, q >: X U Y ----+ W. The exception to this convention will be the product of the underlying 
sets of a collection of groups, {Gill < i < n}, which is denoted G1 x . . .  × G~ and the 
coproduct, or wedge, of pointed topological spaces which will be denoted, as usual, by X V Y. 
The composition of the two morphisms f and p above is given by juxtaposition pf : Z ----+ W. 
Isomorphisms in a category are denoted by -~, homotopy equivalence by ,-~ and non-equivalence 
by ~. If a homotopy group 7rn(X) is generated by a homotopy class z then we write < x >= 
~.(X). 
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2 H-algebras 
To any pointed topological space, X, we can assign the collection of homotopy groups given 
by the homotopy classes of maps from the n-sphere into the space; Try(X) = IS ~, X], n E N. 
A primary homotopy operation, O, of type (nl, n2,. . . ,  nk; m), is a function of the underlying 
sets of the homotopy groups, which is natural with respect to X. Thus 
0: 7l'nl(X ) x 7"Fn2(X ) X ' "  x 7rnk(X) ~ "tim(X) with m >_ max{n~} 
The set of all homotopy operations of type (nl, n2, . . . ,  nk; m) is in bijection with the group 
7rm (S TM V S ~ V. . .  V S TM), ([14], p491). If we denote by 0' the element of 7rm (S ~1 V S ~ V.. .  V 
S nk) that corresponds to the homotopy operation 0 then the operation is given by the diagram 
Sn~ 
sm o' 
> S n1 V S ~2 V""  V S ~k X 
Thus, given the collection {xj E 7r~j (X)I1 < j < k} we have 
0(Xl,X2,...,Xk) -'~-< X l ,X2 , . . . ,X  k > O' 
We say that 0' is a universal example for the operation 0. 
As a result of Hilton's theorem [9], which decomposes the homotopy groups of a wedge 
of spheres, we know that all primary homotopy operations are generated by Whitehead prod- 
ucts and compositions ([14], p489) along with the action of the fundamental group, 7h (X). 
The Whitehead product, [_, _] : 7r,~(X) × Try(X) ~ 7r,~+m-1 (X), is induced by the universal 
example w = [il, i2] E 7r,~+,~-1(S '~ V S "~) where il and i2 are the inclusions into the coprod- 
uct S n V S '~, [141 or [5]. The action of the fundamental group, v : 7h(X) × Try(X) 
7r,~(X), (u, x) ~ ~-~,(x), is induced by the universal example ~-i~ (i2) E 7r,~(S 1 V S '~) where il 
and i2 are again the inclusions into the coproduct, [5]. Since 7h (X) is, in general, not abelian 
Some Examples of Homotopy H-Algebras 51 
we write the group operation multiplicatively and denote the identity by 1. The composition 
operation, 7* : 7r,~(X) ---+ 7rm(X) for each 7 E 7rm(Sn), m > n, is given by composing any 
element of 7r,~(X) with 7 so that 7*(x) = x7 : S m _7_+ S,~ '~ ~ X.  Hence, for composition, 7 
is itself the universal example. These operations satisfy the following identities, [5]. 
Let x,x' C 7cm+l(X), y E ~rn+l(X), z E 7c~+1(X), u,u' E 7II(X), m,n,k  >_ 1. Also, let 
f , f '  c 7Cp+l(Sm+l),and g E 7rq+l(Sra+l), p,q >_ m. 
Ix, Y] = (-1)mn[y,x] (1) 
[,: + x', y] = [x, y] + [~', y] (2) 
0 = (--1)mk[[x, yJ, z] + (--1)kn[[z, xJ,y] 
+(-1)~m[[y, z], x] (3) 
~(~) = ~, 
T~u,(x) = ~-u(~-~,(x)), 
~(~ + z') = ~(~) + ~(~')  
T~(x) = [~,~] + 
T~(u') = uu'u -1 (4) 
( f  + f')*(z) = f*(x) + (f')*(z) (5) 
[f*(~),g*(x)] = ([/,g])*(x) (6) 
[~-~(x),~-~(y)] = T~,[x,y] andv~(f*(x)) = f*(z',,(x)) (7) 
oo 
f*(x + x') = f*(x) + f*(x') + E (h j ( f ) ) *w j (x ,x ' )  (S) 
j=0 
oo 
[ f* (x) ,  y] = E(Y],nhjr ( f ) ) * [x  r+l ,  y] (9) 
r~0 
Equation (8) is Hilton's formula with wj (x, x') the basic iterated Whitehead product of xl and x2 
and hi( f )  is the Hilton-Hopf invariant of f associated to it, (see [14], Chapter XI). Identity (9) 
is the Barcus-Barratt formula where Ix T+I, y] = Ix, [x, [..., [x~ y]. . .  ] is the iterated Whitehead 
product with (r + 1) x's and E'~hj~ is the n tn suspended Hilton-Hopf invariant corresponding 
to the basic product [x r, y]. 
Equations (1)-(3) tell us that the Whitehead product is a graded bilinear operation and that 
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the homotopy groups with this operation form a graded Lie ring. This structure was first studied 
as an abstract algebraic object in [10] under the name of quasi-Lie ring. The quasi-Lie rings are 
a generalization f graded Lie rings of which the homotopy ring with Whitehead product is a 
motivating example. 
Equations (4) tell us that the action of the fundamental group is a group homomorphism 
and that the homotopy groups with this action form a module over the integral ring g(Trl(X)). 
The realization problem of a graded group {Train C N} with action of 7q on the other groups 
was solved by J.H.C. Whitehead in [15] using a construction of wedges of spheres. Stovers' 
construction i [12] of a simplicial space realizing the H-algebra of a space can be seen as an 
extension of this construction. 
The Hilton formula, (8), easily shows that when all Whitehead products are trivial, composi- 
tion operations are homomorphisms whereas, in general, composition operations are functions 
of the underlying pointed sets and not necessarily homomorphisms. Another instance when 
composition operations will be homomorphisms is the composition with any suspension ele- 
ment, f = Ek with k E rcp(sm). This can be seen to follow from Theorem 5.4 (or see [14], 
p126). 
Definition 2.1 We call the structure of homotopy groups of a space, X, with the operations 
of Whitehead product, action of the fundamental group and composition, the homotopy H- 
algebra of the space X and denote it rc,(X). 
This structure can be abstracted tocollections of groups by considering (1) - (9) to be axioms. 
Definition 2.2 A H-algebra is a collection of groups { G~ I n c N ,  abelian for n > 2, together 
with operations [_, _] : Gn × Gra ----+ Gn+m-1, "r~ : Gx × Gn ~ Gn for each a C G1 and 
7" : G~ ~ G,~ for each 7 E ~rm ( S" ), ra > n, satisfying identities (1)-(9). 
Equivalently, we can observe that: 
(i) each operation is in bijection with a map from a sphere into a wedge of spheres, 
(ii) the identities (1)-(9) tell us certain compositions ofthese maps will be in the same homotopy 
class and 
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(iii) the homotopy group additions (multiplication for 7rl (X)) are induced by the cogroup mul- 
tiplication of the spheres which are morphisms in H, #n : S ~ ----4 S ~ V S n. 
From these observations we can conclude that a H-algebra may be described by 
Definition 2.3 A H-algebra is a functor from the category H °p to the category SET* sending 
coproducts to products. S~7"* is the category of pointed sets and pointed functions and H °p 
is the opposite category to the category H which has as objects the single point as well as all 
finite wedges of spheres, ViS m, ni > 1, and, as morphisms, the homotopy classes of pointed 
maps between them. 
These abstract H-algebras form a category, the morphisms of which can be described as natural 
transformations [5]. 
Example 2.4 The homotopy H-algebra of a space, X, is given by the contravariant hom functor 
[ , X]. Thisfunctor sends each object S n E H to the pointed set, with induced multiplication, 
[S ~, X] ~- 7rn(X) and a morphism, 0 : S p -----4 S ~ V S TM, in H becomes a homotopy operation, 
7rn(X) × 7rm(X) > 7rp(X), in SET*. In particular, the cogroup multiplication on #n induces 
the group multiplication 7r~ (X ) × 7r~ (X ) ----4 7r~ (X ). By the universaI property of the coproduct 
any element of[S ~ V S ~, X] is in bijection with an of element of[S ~, X] × [S "~, X] and hence 
a coproduct in 1-I is sent to aproduct in SET*. 
Remark 2.5 The naturality of the homotopy operations means that they must commute with 
any map between spaces and specifically homotopy equivalences, hence, any two spaces of the 
same homotopy type must have the same homotopy H-algebras. The converse need not be true 
as Example 4.4 will show. 
3 Preservation of products 
Definition 3.1 The product of H-algebras Ni~zJi, I an indexing set, is given by the graded 
group { [qiez( Ji)m I m E N} with homotopy operations Ta, 7* and[ , ] defined componentwise. 
Here ( Ji)m is the group indexed by ra of the H-algebra Ji and Fq is the direct product. 
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The projections associated to the product are the obvious ones onto each factor and verification 
that this is the categorical product is straightforward. 
Theorem 3.2 For any connected spaces X and Y 
~,(X n Y) ~- ~,(X) n ~,(Y) 
as H-algebras. 
Proof: Let x, u E 7r,(X), y, v E ~,(Y), a C ~rl(X) and/3 C 7r~(Y). By the universal property 
of the product we may represent an element of 7rn(X M Y) by {x, y} for some x E 7rn(X) and 
y E Try(Y), since any such element is completely determined by these component elements. 
We therefore have a bijection 
It suffices to show that 
(i) for any composition operation 7% we have ¢(7* {x, y}) = ('y* (z), 7" (Y)) 
(ii) the Whitehead products atisfy ¢([{z, y}, {u, v}]) = ([x, u], [y, v]) 
(iii) action of the fundamental group satisfies ¢(T{,~,Z t {X, y}) = (~-= (X), ~'~ (y)) 
That (i) is satisfied follows from the universal property of the product applied to the following 
diagram: 
X 
~ y  
To show that (ii) is satisfied, let w be the universal example for the Whitehead product operation. 
It follows from the uniqueness of the product and coproduct morphisms that 
< {x,y}, >= {< >,< y,v >} 
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and replacing "7 by w in the previous diagram we have {x, y}w = {xw, yw}. Then, using the 
following diagram, 
Sin+n-1 
Sm ~ , X 
>'smvs  n > XRY 
¢([{x, y}, {~, ~}]) = ¢(< {x, y}, {~, ~} > ~) 
= ¢({< =,~ >,< y,~ >}~)  
= ¢({< ~, ~ > ~, < v, ~ > ~})  
= ¢({[~, ~], Iv, ~]}) 
= (Ix, ~], [y, ~]) 
To show (iii) is satisfied, in the above diagram we set m = 1 and replace w by the element 
Remark 3.3 Theorem 3.2 can be extended toan infinite product of spaces ince it relies only 
on the universal properties of product and coproduct and the universal example associated to 
the homotopy operation. 
Definition 3.4 Let n _> 1 and G be a group, abelian/fn >_ 2.The n-th Eilenberg-MacLane 
space of G, K ( G, n), is a connected CW-complex with the property 
G i=n 
7r,(K(G,n))= 0 otherwise 
We call a product of these spaces, NiK (Gi, hi), a generalized Eilenberg-MacLane space. 
Remark 3.5 Such spaces exist and are unique up to homotopy equivalence ([14], p244). Fur- 
thermore, following from the adjunction of the loop and suspension functors, ~2K(G, n) = 
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K(G, n - 1), n _> 2, so that K(G, n) is a loop space if n >_ 2 or if n : 1 and G is abelian. 
Since the product of loop spaces is homotopy equivalent to the loop space of the product, we 
see that generalized Eilenberg-MacLane spaces are also loop spaces, provided Gi is abelian if 
ni = 1 ([14], p248). 
A H-algebra in which all homotopy operations are trivial is called a trivial H-algebra. That 
is, all operations send any collection of elements to the zero element of the appropriate image 
group and thus equations (1)-(9) are satisfied. 
Corollary 3.6 The H-algebra of a generalized Eilenberg-MacLane space is trivial. 
Proof." By Theorem 3.2 the H-algebra of these spaces can be expressed as a product of II- 
algebras. From Definition 3.1 the homotopy operations act componentwise and there is only 
one non-trivial group in each component. 
4 Examples 
We begin this section by noting that we do not know all the homotopy groups of any finite 
dimensional, simply-connected space and this makes an explicit description of their H-algebras 
unattainable with our present knowledge. Examples of H-algebras are usually of the rather 
contrived form demonstrated below. That is, to construct non-trivial H-algebras we have to 
consider spaces with a manageable number of known homotopy groups. We use the Postnikov 
sections of a space to reduce the number of homotopy groups that we need to consider. We 
could also decide how many homotopy groups we want and then use the method of killing off 
homotopy groups ([14], V, §2) to truncate the H-algebra to a manageable size and complexity. 
Property 4.1 The n th Postnikov section of a space X is a CW-complex, X [~1, which is equipped 
with an inclusion in : X > X In] and has the property, (amongst others) 
~j(xE~J) = I ~j(x), j <_ 
( 0 j>n 
where the isomorphism for j <_ n is induced by in, ([14], Chapter IX). 
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2n-1  n • Example 4.2 (S~) [2~-11 o, Nj= n K(Trj(S ), 3), n ¢ 1, 3, 7. This is an example of two spaces 
with the same homotopy groups but different Lie ring structure under the Whitehead product, 
demonstrating that, although the spaces have the same homotopy groups, they are not homotopy 
equivalent. 
Consider the (2n - 1) th Postnikov section of an n-sphere, S ~, n >_ 2 and the generalized 
Eilenberg-Maclane space K 2,~-1 n - ,-~ = Rj= n K(Trj(S ),3). By Theorem 3.2, 7rm(K) = 7rr~(S ~) for 
each m C N but K has trivial Lie ring structure (Corollary 3.6) and S n does not unless n = 
1,3, 7, since, for example, if we take the generator ls- of 7r,~(S'~), then [ls,, ls-] E 7rz,~_a(S n)
has Hopf invariant two, for n even ([8], Theorem 1.6, p73), or generates a subgroup of order 2 if 
n is odd ([8], Theorem 2.5(ii), p85) and so is not trivial. We must exclude the cases n = 1, 3, 7 
since they are group objects and hence have trivial Lie ring structure. 
Example 4.3  (sn)  [2n-2]  ,-/o 2vo-2 n • fq j=~ K ( Tr j ( S ), 3), r~ > 2. This example is of spaces with the same 
homotopy groups, the same Lie ring structure but different H-algebras. 
Take an n-sphere, Sn, n >_ 2, and consider aPostnikov section, (Sn) [2n-2]. Thus 
7rj(S'~) [2~-2] -- / 7rj(Sn)' J <- 2n - 2 
t 0 j>2n-2  
Now consider the generalized Eilenberg-MacLane space K'  = Nj= n2'~-2K(Trj(Sn),3).' K'  and 
(Sn) [2n-2] have isomorphic homotopy groups and since S n is (n - 1)-connected, the Whitehead 
product of any two non-trivial homotopy classes of (S '~) [2n-2? must have dimension greater than 
2n - 2, hence, the image is in a trivial group and both spaces have trivial Lie ring structure. But 
whereas K'  has trivial H-algebra structure, (S n) [2,~-2] need not for the following reason. 
Let f E 7r~(S ~) and c~ C 7rj(S~), j _< 2n - 2 be such that the composition c~*f = fa  
7rj(S ~) is non-trivial. Then a*(i,f) = i fa  = i ,(a*f) where i : S ~ ---+ (S~) [2~-21 is the 
inclusion in Property 4.1 and i, is the induced homomorphism. But i, is an isomorphism for 
this j < 2n - 2 hence, since a*f ¢ 0, we have 0 ¢ a*(i,f) E 7r~(S~) [zn-2]. 
Writing r/~ = E~-2r]2 for r12 the Hopf map, since < r/~r~+l >= 7r~+2(S~), ([13], p40), is 
known not to be trivial for n _> 2, (see [13]), any of these n-spheres, n >_ 2, provide an explicit 
example. 
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Example 4.4 (CP2) [5] ~ K(Z,2) F7 K(Z,5). This example is of two spaces with the same 
H-algebas which are not homotopy equivalent. 
We consider the 5 th Postnikov section of the complex projective plane, (CP2) I~l, and the gen- 
eralized Eilenberg-MacLane space K(Z, 2) [7 K(Z, 5). Both spaces have the same homotopy 
groups ince ([2], Example 4.19) 
~J(CP2) [5]~ / Z, j - -2 ,5  
t 0, otherwise 
Both spaces also have trivial Lie ring structure since for (CP2) [5] the Whitehead product of 
any non-zero elements must lie in a trivial homotopy group. Further, both spaces have trivial 
composition operations by the following argument. The only possibility is composition with an 
element of 7r5($2). By Toda ([13], Proposition 5.6) < 7/3 >= 7r5(S 2) ~ Z/2 where q3 = ?727737] 4 
and hence, given any x C 7r2 (CP 2)[51, we have either 0* (x) = 0 or by (5) 
0*(x )  = + = + = o 
which implies (r)~)* (x) = 0 and so both possible compositions are trivial. 
Gerald Porter, [11], has calculated a non-trivial secondary Whitehead product, on the ho- 
motopy groups of (Cp2) [5]. Specifically, if < x >= ~-2(Cp2) N and < y >= 7rs(CP2) [~] then 
[x,x,x] = 3!y = 6y where [ , , ] : 7rn(X) x 7rm(X) x 7rp(X) ---+ 7rn+m+p_i(X ) is the 
secondary Whitehead product which is defined when each pair of elements in the bracket has a 
trivial primary whitehead product. 
On the other hand it is known that this secondary Whitehead product always vanishes on an 
H-space ([7], p463). Since any generalized Eilenberg-MacLane space is a loop space (Remark 
3.5), hence an H-space, we see the spaces do not have the same secondary homotopy operation 
structure. We insist, by definition, that higher homotopy operations must satisfy naturality in 
X and so Remark 2.5 applies to secondary homotopy operations as well as primary homotopy 
operations. Hence, these two spaces cannot be homotopy equivalent. 
Remark 4.5 This last example shows that not all H-algebra morphisms between homotopy H- 
algebras are induced from a map of spaces. Specifically, we have shown that the H-algebra 
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isomorphism ¢: 7r.(CP~)tsl - - -+ ~, (K(Z, 2)m K (Z, 5)) cannot be induced by a map of spaces, 
for otherwise, by Whitehead's theorem, the two spaces would be homotopy equivalent. 
5 Three different H-algebras on the homotopy groups of f2X 
It is well known that the adjunction of the suspension and loop functors on topological spaces 
gives, for any space, X, an isomorphism of homotopy groups 7rm(X) - G~_v(f2vX) for 0 < 
p<m.  
Theorem 5.1 Let p < rain{a, b, c}. The homotopy operations 0 : Try(X) x 7rb(X) ----+ 7re(X) 
are in bijective correspondence with operations O: 7ra_p (f2P X ) × 7rb_p ( f2v X ) ---+ 7rc_v (fF X ). 
Proof: Firstly, since we have an isomorphism on each factor, we also have an isomorphism on 
the product 
~o(X) × ~b(X) ~ ~o_p(~"X) × ~b_p(~PX) 
so we have the required bijection as demonstrated in the following diagram. 
~o(x) x .~(x)  -~ :, ~o_ , (~x)  x ~_~(n ,x )  
I 
o ,3!0 
I 
Y c~ 
~o(x) - -- ~_da 'x )  
Remark 5.2 From the above diagram, with horizontal arrows isomorphisms, it is clear that 
for any composition of operations 70 the corresponding operation on the loop space is ;yO and 
hence these induced operations must also satisfy identities (1)-(9). It follows, if X is (n - 1)- 
connected and p < n, that we can induce a H-algebra structure on the iterated loop space that 
will be isomorphic to the homotopy H-algebra of X. 
Definition 5.3 Let X be (n - 1)-connected, n >_ 1. The H-algebra given by the homotopy 
groups of f2v X, p < n, together with the primary homotopy operations 0 induced from 0 as in 
Property 5.0.17 will be denoted 7r,_v(f2vX). In order that the indexing be correct for identities 
(1) - (9) we consider 7ri_p(f2PX) to be the group in dimension i of Tr,_p(f2PX) and we set 
7ri_v(f2PX) = O fori  - p < O. 
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We can now consider three abstract H-algebras on the homotopy groups of ~X each of which 
can be realized as a homotopy H-algebra. Firstly, there is the homotopy H-algebra of ~X. 
Secondly the trivial H-algebra. From Corollary 3.6 this 1-i-algebra can be realized as the ho- 
motopy H-algebra of the generalized Eilenberg-MacLane space M~= 1K(Trn (f~X), n). The third 
example is 7r,_ 1 (~2X) from Definition 5.3 which is realized as the homotopy H-algebra of X. 
In general, ~v,_l(~2X) ~ Ir,(~2X) because Whitehead products vanish on a loop space 
whereas lr,_t (~X) will have a graded Lie ring structure inherited from that of 7r,(X). With 
the vanishing of Whitehead products and the fact that ~r~ (~X) is abelian, identity (4) tells us 
that the action of the fundamental group is trivial in 7r,(~X) whereas zc~_l(~2X) acts non- 
trivially on ~ri_l (~2X) whenever ~ (X) acts non-trivially on ~ri(X). We also may have different 
composition operations ince those for 7r, (f~X) correspond to elements of ~rm(S ~) whereas 
those of ~r,_~(~X) correspond to elements of ~r,~+~(S~+~). The comparison of the different 
composition structure is given by the following 
Theorem 5.4 The composition operation on zr,(~X) induced by a E 7rm(S n) corresponds to 
a composition operation on 7r,_l(~X) ~- 7r,(X) induced by ~a E 7rm+l(S~+l). That is, the 
composition operations on zc,_~ ( ~X ) consist of the composition operations on or, ( ~X ) as well 
as compositions with non-suspension elements of Tvm+ x ( Sn+ l). 
Proof: Take a E 7r,~(S n) so that Ea E ~m+l(~n÷l). Then for any f E 7r,~+l(X) we have 
~a*(f)  : S m+l -~  S n+l ~ X 
Now f E zcn+1(X) corresponds to an element y E ~rn(~X) and fEa  E ~rm+l(X) corresponds 
to an element f~a  E 7rm(~2X) under the adjunction of E and ~. 
We want to show fEc~ E 7rm(QX) = fa  E 7rm(~2X). 
For any x E S m, the correspondences under adjunction are given by 
(f~a(x))t = f~a[x,t] and (7(a(x)))~ =- f[a(x),~] 
where (f2a(x))t and (](o~(z)))~ are points t far along the loops f~a(x)  and-f(a(x)), f~a[x, t] 
is the image of the point Ix, t]E ZS m ~ S m+l under the map fZc~ and f[a(x), t] is the image 
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of the point [a(z), t] C 2S  ~ ~ S ~+1 under the map f. Thus 
(fEce(x) t = fEc~[:c, t]
= f[o~(z), t] 
= ((7(~)(x))), 
Corollary 5.5 If c~ C 7rmS ~ is such that ?,ee = O, then the composition operation induced by ce 
will be trivial on the n th homotopy group of a loop space. 
Example 5.6 Toda calculates in [13] that 7r10(S 6) = ~12(S 7) = 7h9(S 7) = 7r2~(S 14) = 0, 
hence any composition operation on a loop space induced by elements of Trg(Ss), 7r11($6), 
7r18 (S 6) or 7r2~(S 13) will be trivial. 
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